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Determination and Use of Cumulants of the Peak Broadening 

Function in Steric Exclusion Chromatography 

Matthias Grunebergx’ , Joachim Klein 

Institut fur Chemische Technologie, Technische Universitat 

Braunschweig, Hans-Sommer-Str. 10, D - 3300 Braunschweig, 
Germany 

summary 

A procedure is developed which allows to deduce from recycle 

measurements the central moments and cumulants of the molecular 

mass distribution of polymers and the broadening function by 

the use of properties of statistical distributions. Results of 

an experimental application of the method are presented. 

Equations for the calculation cf true molecular mass averages 

from the elution curve are extended for the cases of nonlinear 

calibration curves and nonlinear broadening. 

‘’ Present adress: Institut fur Anorganische Chemie und Kernchemie, 

Technische Hochschule Darmstadt, Hochschulstr.4, 

D - 6 1 0 0  Darmstadt, Germany 
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1594 

1 .  Introduction and Theory 

CRUNEBERG AND KLEIN 

In steric exclusion chromatography (SEC) dispersion effects re- 

sult in broadening of the elution curve and thereby in a 

falsification of the calculated molecular mass averages. The 

experimental determination of the peak broadening contribution 

is therefore a prerequisit for any quantitative correction. 

Experiments on dispersion effects can also be used to examine 

theories of peak broadening. 

While usually in chromatography the peak broadening function 

is identical with the elution curve, in the case of the SEC of 

synthetic polymers the determination of the broadening function 

turns out to be much more difficult. Here, no standards with a 

single molecular mass do exist, the broadening function is 

always convoluted with the molecular mass distribution of the 

sample under investigation. In the theory of SEC, the faltungs- 

theorem is often named “Tung’s equation” ( 1 )  : 

1 .  

where F (V) represents the normalized curve, G(V-y) the broadening 

function and W(y) the corrected elution curve (i.e., the mole- 

cular mass distribution, expressed in elution volumina). 

Three procedures have been proposed for the determination of 

parameters of the broadening function: 

( 1 )  T.?rovder and E.M.Rosen ( 2 )  determined central moments of 

the broadening function by comparing the molecular mass averages 

calculated from the uncorrected elution curve with the “true“ 
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CVMULANTS OF TEE Pu\K BROADENING FUNCTION 

molecular  mass ave rages ,  w h i c h  were determined by independent  

methods - 

1595 

?he v. momenc about t h e  o r i g i n  of a normalized d i s t r i b u t i o n  

(x) is 8 e f i n e d  by 

2 .  

p l o  is t h e  area under  t h e  c z v e  (= 7 ) and p ‘ ,  t h e  c e n t e r  of 

g r a v i t y .  

C e n z r a l  rnomects a r e  d e f i n e d  by 

3 .  

where p ,  1s z e r o , v  zne v a r i a n c e  and p3 is z neas’ ize cf +..e 

skewness of =he peak ( s = z ~ c ~ ~ : J ,  t h e  skewness 1 s  d e s c r r D e l  ky  

t h e  F a r m e t e r  y3/p2 . The h i g h e r  even  c e n c r a l  nomencr + r e  

i measuze of t h e  symmetric d e v i z t i o n  of t h e  d i s t r i b u t i o n  from 

a g a u s s - f u n c t i o n ,  i h e  h i g h e r  I-neven c e r . t r a l  moments c c  r e l - n e  

t h e  d e s c r i p t i o n  of t h e  skewness .  

. .  

3 / 2  ~ 

I n  M = C. D 2 V e  4 

P r o v a e r  and Rosen c a l c u i c z e c  z r e l a t i c n  Detween t n e  :rue ~-2:. 

n o i e c u l e r  mean Kk (t) 

yk ( Q ? )  , d e s c r i b i n c  zne 5rozcer. ing f c n c t i o n  ay a Cr&--Ctarl;er- 

SeLCie: 

- 
an? =he u a c o r r e c r e d  k - t h  no l~c . : l a r  nea:. 

- 
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GRUNEBERG AND KLEIN 1596 

k = 1 , 2 , 3 ,  and 4 c o r r e s p o n d  t o  t h e  number-, t h e  w e i g h t - ,  t h e  Z- 

and t h e  Z+1-average ,  P.j = 

( ~ ~ 9 ~ ~ ) -  3 ( " e x c e s s "  o f  t h e  b r o a d e n i n g  f u n c t i o n ) .  I f  t h e  G r a m -  

C h a r l i e r - s e r i e  i s  t r u n c a t e d  t o  a n  Edgeworth s e r i e ,  A 5  can be  

s e t  zero,  A6 = 1 0  A 3 2  a n d  Am = 0 f o r  m &  7 .  

3 / ( / 4 2 3 / 2 )  ( " s k e w n e s s " )  and  A 4  = 

If  t h e  c e n t r a l  moments o f  t h e  o r d e r  > 2 a r e  n e g l e c t e d ,  t h e  

e x p o n e n t i a l  t e r m  o f  eq.  5 r e m a i n s .  T h i s  e q u a t i o n  f o r  t h e  case 

of g a u s s i a n  peak b r o a d e n i n g  h a s  b e e n  deduced  by S . T .  B a l k e  a n d  

A.E. H a m i l i e c  ( 3 1 ,  t o o .  

Eq. 5 c a n  be used  f o r  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  

c e n t r a l  moments of t h e  b r o a d e n i n g  f u n c t i o n ,  b u t  a l s o  - knowing 

t h e s e  moments - f o r  t h e  c o r r e c t i o n  o f  t h e  molecular  mass a v e r a g e s  

which have  been  c a l c u l a t e d  from t h e  e l u t i o n  c u r v e .  

A drawback of t h i s  p r o c e d u r e  l i e s  i n  i t s  s e n s i t i v i t y  E C ' ' ' ~ ~ ~ ~ ~  

e r r o r s  o f  t h e  d e t e r m i n e d  " t r u e "  n o l e c u l a r  mass. 

( 2 )  L.H.Tunq, J.C.4loore a n d  G.W.Knight ( 4 )  p r o p o s e d  a n o t h e r  

p r o c e d u r e  f o r  t h e  d e t e r m i n a t i o n  of p a r a m e t e r s  o f  t h e  peak  

b r o a d e n i n g .  T h e s e  a u t h o r s  c a n c e l  t h e  c h r o m a t o g r a p h i c  s e p a r a t i o n  

of t h e  p o l y d i s p e r s e  sample  by f l o w  r e v e r s a l  a f t e r  i t  h a s  r e a c h e d  

h a l f  of i t s  e l u t i o n  volume. T h i s  way, a t  t h e  column e n t r a n c e  
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CUMULANTS OF THE PEAK BROADENING FUNCTION 1597 

the pure broadening function is obtained. This procedure lmplies 

that the uneven central moments can be neglected. Besides this, 

it can not be used with columns which can only be operated with 

one direction of flow. 

( 3 )  J.L.Waters (5) proposed a third procedure, the recycle technique. 

In this approach the variances of the elution curves of poly- 

disperse samples are measured as a function of the number of 

cycles, and the variance of the broadening function and of the 

molecular mass distribution (expressed in elution volumina) are 

calculated. The fact i s  used that the variance ( p  2 )  of the 

broadening function of the whole run is the sum of the variances 

of the broadening functions of the single runs, while for the 

Folydispersity 

the runs do add (this is the fact the chromatographic separation 

is based upon). The variance gf the elution curve resulting after 

n runs (neglecting the extra-column broadening) is the sum of 

the variances of the broadening function and the polydispersity- 

broadening. 

broadening the standard deviations (p 21’2) of 

The variances of the peak broadening of one run, p2d, and the 
polydispersity, /4 are obtained using the equation: 2P‘ 

6 

The second central moment describes the whole broadening function 

only in the case of pure gaussian broadening, which is only 

a simplification of real chromatographic broadening (6). 
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1598 GRUNEBERG AND KLEIN 

In the present work the recycling approach shall be extended 

and generalized in order to get more informations about the 

peak broadening without limitation to gaussian broadening. 

One possibility for getting the whole peak broadening function 

from recycle runs is the use of the characteristic functions 

of the elution curves. The characteristic function of the elution 

curve after n cycles is the product of the characteristic function 

of the n-fold extended molecular distribution function of one run 

and the n-th power of the characteristic function of the peak 

broadening of one run. 

The numerical calculation of the characteristic functions and 

the retransformation of the defolded functions, however, is 

connected with great computational problems. Therefore in this 

work only the much easier determination of statistical parameters 

of the broadening- and molecular weight distribution function 

will be dealt with. These parameters, the cumulants, are de- 

duced from properties of the characteristic function. 

Cumuiants of a distribution can be calculated from their central 

moments, which are easily determined. The cumulants of lower 

order are simnly related to the moments as follows: 

7 .  

8. 

9 .  

10. 
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CUKULANTS OF THE PEAK BROADENING FUNCTION 

Cumulants  b e h a v e  a d d i t i v e  w i t h  r e s p e c t  t o  t h e  f o l d i n g  o f  t w o  

s t a t i s t i c a l  i n d e p e n d e n t  d i s t r i b u t i o n s  ( 7 ) .  

1599 

I f  t h e  c u m u l a n t s  of v .  o r d e r  of t h e  p o l y d i s p e r s i t y  f u n c t i o n  are  

named K 

p e r s i o n )  K V d ,  a n d  t h e  c u m u l a n t s  of t h e  r e s u l t i n g  e l u t i o n  c u r v e  

K V e ,  t h e  c u m u l a n t s  of t h e  e l u t i o n  c u r v e  a f t e r  n c y c l e s  are t h e  

sum o f  K y d  and  j( 

t h e  c u m u l a n t s  o f  t h e  s t a t i s t i c a l  b r o a d e n i n g  (d i s -  
VP' 

- 
V P  

is t h e  f o l d i n g  o f  t h e  s t a t i s t i c a l  b r o a d e n i n g  f u n c t i o n s  v d , n  
of t h e  s i n g l e  r u n s :  

K v d , n  = ' v d , 1  1 2 .  

Dur ing  n r u n s ,  t h e  m o l e c u l a r  mass d i s t r i b u t i o n  i s  e x t e n d e d  by 

t h e  f a c t o r  n. The c u m u l a n t s  o f  t h e  m o l e c u l a r  mass d i s t r i b u t i o n  

a f t e r  n r u n s  are:  

From eqs. 1 1  t o  13, o n e  g e t s  t h e  r e l a t i o n  be tween t h e  cumu- 

l a n t s  of t h e  e l u t i o n  c u r v e  a f t e r  n r u n s  a n d  t h e  c u m u l a n t s  of 

one  r u n :  

W y e , n  = n " ~ y p . 1  + % , l  

I t  i s  c o n v e n i e n t  t o  t r a n s f o r m  t h i s  e q u a t i o n  i n t o :  

1 4 .  

u - 1  
K v e , n / n  = n y v p , l  +'v d , l  1 5 .  

V - 1  P l o t t i n g  J( a g a i n s t  n , o n e  g e t s  f r o m  t h e  s l o p e  of t h e  

r e s u l t i n g  l i n e a r  r e l a t i o n s h i p x  a n d  f rom i t s  o r d i n a t e  
V ? , 1  
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1600 GRUNEBEXG AND KLEIN 

'Vd,l 
moments about the origin resp. central moments can be set: 

is obtained. For the cumulants of the order 1 to 3 ,  the 

16. 

17. 

18. 

Equation 16 is trivial; equation 17 corresponds to the relation- 

ship deduced by Waters (eq. 6). 

Using eq. 15, the central moments of the broadening function 

can be calculated and used for the determination of the corrected 

molecular means (eq. 5). 

From eq. 15, the cumulants and central moments of the molecular 

mass distribution (expressed in elution volumina) can be cal- 

culated too. Assuming a linear calibration curve in the range 

of the elution curve investigated, one gets the cumulants of 

the In mass distribution (compare eq. 13): 

19, 

2 0 .  

With help of standards whose cumulants of the In molecular 

mass distribution have been determined by the recycle tech- 

nique, new columns can be calibrated. Using eq. 19 one gets a 

relation between the center of gravity of the elution curve and 

t h e  corresponding molecular mass (the center o f  gravity of the 

In mass distribution), a calibration procedure which is much 
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CuMLlLANTS OF TRE PEAK BROADENING FUNCTION 1601 

eas ie r  t h a n  a n  i t e r a t i v e  t e c h n i q u e  ( 8 ) .  The c u m u l a n t s  o f  t h e  

b r o a d e n i n g  f u n c t i o n  are t h e  d i f f e r e n c e s  be tween t h e  c u m u l a n t s  

of t h e  e l u t i o n  c u r v e  a n d  t h e  c u m u l a n t s  o f  p o l y d i s p e r s i t y  ca l -  

cu la t red  by eq. 20. 

One f u r t h e r  a p p l i c a t i o n  o f  t h e  r e c y c l e  e q u a t i o n  14 s h a l l  b e  

ment ioned:  With t h e  h e l p  of t h i s  e q u a t i o n  a n d  eq. 5 ,  one g e t s  

a r e l a t i o n s h i p  showing t h e  dependence  of t h e  c o r r e c t i o n  f a c t o r  

M k ( t ) / E k ( w )  o n  t h e  number o f  c y c l e s , , n :  
- 

L 1 .  

D2 g i v e s  t h e  s l o p e  o f  t h e  c a l i b r a t i o n  c u r v e  o f  a s i n g l e  r u n .  

If t h e  p e a k  b r o a d e n i n g  is a p p r o x m a t e d  by a g’auss f u n c t i o n  

o n l y  t h e  e x p o n e n t i d  term r e m a i n s .  T h i s  e q u a t i o n  h a s  a l r e a d y  

S e e n  q i v e n  Sy A.E.Hamil iec  ( 9 )  

2 .  Exnerlaental ? a r t  

T c r  t h e  enforcemen;  of =he r e c y c l e  m e a s u r m e n z s  :ZE net. ioc iif 

“ a l t e r n a t e  ?unpins ‘I w a s  u s e d ,  which  hrs beer. d e v s l o ~ e c  by 
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GRUNEBERC AND KLEIN 1602 

I .Duvdevani ,  J .A .Biesenbe rge r  and M.Tan (10) .  It has  t h e  aa- 

v a n t a g e  t h a t  d u r i n g  r e c y c l i n g  t h e  p robes  do n o t  5low tn rcugh  

t h e  pumpheads and t h e  i n j e c t i o n  systern and t h a z  t h e r e z c r e  =he 

extra-column b roaden ing  remains small. 

?he column se t  c o n s i s t e d  of f o u z  h l g h - r e s o l p t i o n  ? o l y s i y r s n e  

g e l  columns from Toyo Soda Man. t y p e  TSX G3000H6, GJOOOH6, 

G5000H6 and G6000H6 which had 3/8 i n c h  i . d .  ane  2 ft 1ezqt.i 

each .  The columns were swi t ched  i n  such  way, :ha= eacn  nalf of 

t h e  set had a b o u t  t h e  same d i s z r i b u z i o n  c o e f f z c i e c :  f o r  each  

?robe (6000,3000/5000,4000~. 

For column swr tch rn5  a s ix-way-va lve  was ms:z.l iec ( 2 z e . c ) .  A s  ii 

pump t h e  h igh-pressure  p i s t o n  pump 6 0 0 0 A  was u s e d ,  a s  t h e  in-  

j e c t i o n  system t h e  model U6K and a s  t h e  d e t e c t o r  t h e  UV-photo- 

meter  4 4 0  (wave l eng th  2 5 4  run) ( a l l  i n s t r u m e n t s  by Waters A s s . ) .  

The column se t  w a s  c a l i b r a t e d  w i t h  1 6  p o l y s t y r e n e  s t a n d a r d s  of 

narrow d i s t r i b u t i o n  i n  t h e  range of molecu la r  m a s s  from 2x10 

t o  1 . 7 ~ 1 0 ~ .  D e s t i l l e d  THF w a s  used a s  a s o l v e n t .  

3 

F o r  t h e  r e c y c l e  measurement a n  a n i o n i c  polymerized PS-standard 

from Waters A s s .  was used. I t  had t h e  ba t ch  number 25168 and t h e  

molecular  mass averages  q iven  by Waters..Ass. were = 20.000 

and kfx = 20.800.  

- 
- 

200 pl of a 600  ppm so1ut;ion were i n j e c t e d .  

T h e  e f f e c t i v e  f l o w  r a t e  was determined  u s i n g  a 10 m l  vo lumet r i c  

f l a s k .  For preven t ing  s y s t e m a t i c a l  errors from e v a p o r a t i o n ,  t h e  
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CvMLlLANTS OF THE PEAK BROADENING FUNCTION 1603 

opening of the flask was sealed with a plastic foil which was 

penetrated at the start of the measurement. 

The flow rate determined this way was 1 . 0 2  rnl/rnin. 

2 . 2 .  Evaluation 

A slight change of the amount of the amount of UV-visible traces 

in the solvent during the recycle run could not be prevented. 

This effect caused steps in the baseline after switching of the 

columns and a slight linear baseline drift. The steps had to 

be kept separate from the sample peak: the same holds for peaks 

caused by contaminations of the sample. 

The measurement was evaluated only up to the fourth recycle run 

Further runs resulted in superposition of the sample peak and 

baseline steps; besides, after four runs the dilution of the 

sample on the column was too high to give the stability of the 

baseline relative to peak height required. 

The recorded elution curves were digitalized with the help of 

a pencil follower. The starting- and endpoints of the elution 

curve were considered to be points on a linear baseline. For 

the calculations the region of the elution curve was used in 

which the curve deviated visibly from the baseline (maximal 

baseline error: 0.5 percent of the maximal peak height). The 

ratio between the range of the elution curve used and the variance 

of the curve calculated was greater 2 0 : 1 ,  so the range seems to 

be chosen broad enough. 
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1604 GRUNEBERG AND K L E I N  

The 2nd t o  4 t h  c e n t r a l  moments and  t h e  c e n t e r s  of g r a v i t y  of 

t h e  p e a k s  were c a l c u l a t e d  u s i n g  a FORTRAN program.  The c u m u l a n t s  

c a l c u l a t e d  f rom t h e  c e n t r a l  moments were d i v i d e d  by t h e  number 

o f  c y c l e s  n ( t a b l e  1 )  and  p l o t t e d  a g a i n s t  n ( f i g . 1 - 3 ) .  By 1 i n e 2 z  

r e g r e s s i o n  t h e  c u m u l a n t s  of t h e  p o l y d i s p e r s i t y  a n d  t h e  d i s p e r s i o n  

b r o a d e n i n g  were c a l c u l a t e d  ( t a b l e  2 ) .  

Y- 1 

Whi le  t h e  2nd c e n t r a l  moments m e a s u r e d  d e v i a t e  o n l y  s l i g h t l y  

f rom t h e  r e g r e s s i o n  l i n e ,  t h e  h i g h e r  c u m u l a n t s  scat ter  h e a v i l y ;  

t h e  r e g r e s s i o n  l i n e s  ca lcu la ted  from t h e s e  c u m u l a n t s  show a 

h i g h  d e g r e e  of u n c e r t a i n i t y .  

T a b l e  1 : 2nd t o  4 t h  c u m u l a n t s  of t h e  r e c y c l e  r u n  

Run Y 2e, n /n  ' 3e, n'n '4e ,n /n  

4 m l  3 m l  2 m l  

1 0 .6220 0 .2249 0 .4876 

2 0-. 81 2 0  0 . 2 8 6 4  0 . 1 0 9 4  

3 1.0671 0 . 5 3 8 2  0 . 0 3 3 6  

4 1 .2704 0 . 6 2 6  1 - 1 . 1 5 8 0  

- 
t 2 3 i . n  

".- ~~ 

F i g u r e  1. 2nd C e n t r a l  M m e n t .  
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CUMTLANTS OF THE PEAK BROADENING FLTNCTION 1605 

I I I I ,  
5 10 15 20 n2 

F i g u r e  2 .  3 r d  C e n t r a l  Moment. 

- 1  - 
I 

20 LO 60 80 7 3  

F i g u r e  3 .  4 t h  C e n t r a l  Moment. 

T a b l e  2 : Cumulants  o f  d i s p e r s i o n  a n d  p o l y d i s p e r s i t y ,  
d e t e r m i n e d  w i t h  e q .  1 5  

K 4  

3 m14 
y 2  K 3  

m l  2 ml 

d i s p e r s i o n  0 . 3 9 2 8  0 . 2 0 5 8  0 . 4 8 1 7  

po l y d i  s p e r  s i t  y 0 . 2 2 0 0  0 . 0 2 8 4  - 0 . 0 2 5 4  

The s t r o n g  s c a t t e r i n g  o f  t h e  h i g h e r  c u m u l a n t s  r e s u l t s  f rom t h e  

h i g h e r  i n f l u e n c e  o f  e x p e r i m e n t a l  errors.  I t  h a s  b e e n  shown t h a t  

t h e  c e n t r a l  moments c a l c u l a t e d  depend h e a v i l y  o n  t h e  e x a c t  mea- 

s u r e m e n t  of t h e  peak  f l a n k s  ( 1 1 , 1 2 ) ,  i . e .  on t h e  r e l a t i v e  b a s e -  

l i n e  error. 
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1606 GRUNEBERG AND KLEIN 

The v a r i a n c e s  of t h e  c u r v e s  were c a l c u l a t e d  from t h e  t a n g e n t s  

a t  t h e  t u r n i n g - p o i n t s  of t h e  e l u t i o n  c u r v e s ,  t o o ,  a s s u m i n g  a 

g a u s s i a n  d i s t r i b u t i o n .  The v a r i a n c e s  c a l c u l a t e d  t h i s  way d e v i a t e  

s t r o n g l y  from t h e  v a l u e  c a l c u l a t e d  n u m e r i c a l l y ,  t h e  l a t t e r  m o s t l y  

b e i n g  h i g h e r .  T h i s  e f f e c t  m i g h t  b e  b a s e d  on d e v i a t i o n s  f rom a 

g a u s s i a n  c u r v e ,  b u t  t h e  d i f f e r e n c e s  f o u n d  ( u p  t o  2 0  p e r c e n t )  are  

c o n s i d e r a b l y  h i g h e r  t h a n  e x p e c t e d .  

The f o l l o w i n g  m e a s u r e s  c a n  improve  t h e  d e t e r m i n a t i o n  o f  t h e  p o l y -  

d i s p e r s i t y  and  t h e  d i s p e r s i o n  f u n c t i o n s  by t h e  r e c y c l e  t e c h n i q u e :  

- The  a b s o l u t e  a n d  r e l a t ive  c o n s t a n c y  o f  t h e  b a s e l i n e  s h o u l d  

b e  improved.  I f  t h e t a - s o l v e n t s  are u s e d ,  t h e  c o n c e n t r a t i o n  

e f f e c t s  a r e  minimized  ( 1 3 )  and h i g h e r  c o n c e n t r a t i o n s  c a n  

be  used .  

- Even t h e  m o l e c u l a r  mass d i s t r i b u t i o n  of a n i o n i c  p o l y m e r i -  

zed s t a n d a r d s  may b e  improved c o n s i d e r a b l y  by p r e p a r a t i v e  

f r a c t i o n a t i o n  ( 1 4 ) ;  t h i s  would r e s u l t  i n  a smaller  r a n g e  

of t h e  e l u t i o n  c u r v e  n e c e s s a r y  f o r  e v a l u a t i o n  a n d  i n  

s t r o n g e r  f l a n k s .  

- A s t a t i s t i c a l  d i s t r i b u t i o n  c a n  be  d e s c r i b e d  by o t h e r  p a r a -  

meters t h a n  by i t s  moments r e s p .  c u m u l a n t s .  Some a l t e r n a t i v e  

t e c h n i q u e s  l i k e  l a p l a c e  t r a n s f o r m  a r e  less s u s c e p t i b l e  t o  

b a s e l i n e  e r r o r s  t h a n  t h e  m o m e n t  method ( 1 5 )  a n d  m i g h t  be 

b e t t e r  s u i t e d  f o r  a n  e x a c t  d e t e r m i n a t i o n  of t h e  m o l e c u l a r  

mass. 

A l t o g e t h e r  t h e  r e s u l t s  o f  t h e  r e c y c l e  m e a s u r e m e n t s  q u o t e d  h e r e  

d o  n o t  y e t  s a t i s f y  h i g h  p r e c i s i o n  r e q u i r e m e n t s ,  b u t  t h e  method 

as s u c h  c a n  be d e v e l o p e d  f u r t h e r  and  seems p r o m i s i n g .  
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CUMCTLANTS OF THE PEAK BROADENING FUNCTION 1607 

The application of the theory of statistical distributions, as 

done in this work, gives a better understanding of the chromato- 

graphic separation of polydisperse samples during recycle runs. 

It allows the calibration of column sets for higher central moments 

of dispersion without the need for the determination of different 

molecular mass averages by independent methods. 

2 . 3 .  Determination of the molecular mass averages a n d  the cumu-  

l+nts of the logarit,hmic mass distribution 

With the help of the calibration standards, the InM-Ve-relation- 

ship of the column set was determined in four approach steps, 

following a graphical procedure which in principle has been des- 

cribed by W.Ring and W.Holtrup (8). 

2 2 .  

2 3 .  
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1608 GRUNEBERC AND KLEIN 

-; __.- P ec.:azioz of 2osen and Provaer icz =xe correc=:=r. - 5  z r = e c s z : . - ~  

(02 .  5 '  can be used w i t h  k = C r e s ? .  -: . 

- :o r  a c o r r e c t i o n  of t he  molecular mass averaces  c s i z g  eq .  5 : z  

is necessary t o  c a l c u l a t e  t he  molec-liar nass averaces  -7.Cez 

ass?m?t ion  o f  a l i n e a r  c iz l ibrz t ion  c11rve. As w i l l  be C i s c q s s e l  

Laze=, c a l c u l a t i n g  t h e  l i n e a r  r eg res s ion  I: is c s e f z l  :o ~ ~ ' v e  

s ? e c i a l  weight to t 5e  range of =he ca l i5zaz ioz  CCZVE w?.Lc?. ;::-as 

E high con t r ibu t ion  t o  t h e  molecular nass averaces  T h e r e i s r e ,  

=he c a l i b r a t i o n  curve was weig?.=ec L ' L ~  =he heiqk: o f  :.'.= e lu : i=r  

curve .  

broadening func t ion  were used zoo !zaz le  2 ; .  

Although the ?robe under i n v e s t i s a z i o n  e l , i t e s  i n  'he low ncle- 

c ~ l a r  mass, nonl inear  rznge of t h e  cc lmr .  s e t ,  iz 1s seen  

f rom t a b l e  3 t h a t  the  non l inea r l=y  does x t  affect t h e  =a:- 

cu la t ed  molecular  niass averages t o  a q r e a t e r  e x t e n t .  This is 6x5 z3  

t h e  nzzrow l i ~ ~ - ~ '  , , ~ u t i o n  05 t h e  s t axca r&.  
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1610 GRUNEBERG .4ND KLEIN 

The v a l u e s  of F;, end YT c a l c u l a c 2 d  devie:o zatne: szzcr.::y f=zr 

t h e  v a l u e s  g i v e n  by t h e  manufac=ore=. T h a i s  f a c r  i x q ~ c  be at=zL- 

bu ted  t o  an i n a c c u r a t e  constrUc=1cn c f  t h e  ca1rbrzc;sc  ZCTJe 

a t  its n o n l i n e a r  edge. tbwever ,  some s t a n d a r t s  measure2 in =se  

l i n e a r  r ange  show sucn d e v i a t i o n s ,  too.  So, =ae reason  f c r  =he 

d i sc repancy  might be an i n e x a c t  measuremen: of t n e  "true" acle- 

c u l a r  mss a v e r a g e s  (conp.  ( 1  7 )  ) . 

- 

The h igh  r e s o l u t i o n  of t h e  C O ~ I I I ~ ?  sec usec makes a aecern:nz=ic.? 

of t h e  broadening,  which i s  Sasec on t h e  =orr.?arisor. c f  ":rue" 

%/$ and t h e  v a l u e s  cz l cu la t ec i  from t h e  SEC mecsuremencs q-i:e 

i n e x a c t .  I n  fact, i n  t h e  ? re sen=  case ,  Y ? ,  ', :) /?k i t;t > 

so  t h a t  a c a l c u l a i i o a  S a s e i  or. e c .  5 Cives a neca= ivs  -:z:'~e f z r  

t h e  d i s p e r s i o n .  

- - - - 
:.:,. I-' ./?!,. /ml 

F i n a l l y ,  t h e  cumulants of t h e  In-molecular mass d i s t r i b u t i o n  

s h a l l  be c a l c u l a t e d  wi th  t h e  help of eq.  1 9  and 2 0 .  T h e  

o r d i n a t e  and t h e  s lope  of t h e  weighted r e g r e s s i o n  l i n e  of t h e  

c a l i b r a t i o n  curve i n  t h e  range of t h e  e l u t i o n  cu rve  a r e  

D, = 2 4 . 5 2  and D 2  = - 0.2310 ml", r e s p e c t i v e l y ;  t h e  c e n t e r  

of g r a v i t y  is a t  t h e  e l u t i o n  volume of 63 .51  m l .  The cumulants 

c a l c u l a t e d  a re  l i s t e d  i n  t a b l e  4 .  

Tab le  4 : Cumulants of t h e  In-molecular mass d i s t r i b u c - o n  

* 9.852 Y l l n M  a 

g2,, : 1.174 x 

:-3.501 1 0 ' ~  K 3 l n M  
:-7.229 10'~ I-( 41LY 
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CUMULANTS OF THE PEAK BROADENING FUNCTION 

3 .  Refinements of the correction equation 

1611 

Equation 5, given by Rosen and Provder, allows a simple correction 

of the molecular mass averages calculated from the elution curve. 

This equation, however, is based upon some simplifications. The 

extension on some more realistic cases will be discussed here. 

The first simplification lies in the assumption of a linear cali- 

bration curve (eq. 4 ) .  Especially with samples having a broad 

molecular mass distribution, this approach may lead to greater 

deviations from the real molecular mass average than the un- 

corrected average. 

A.E.Hamiliec ( 9 )  has extended the calculations of Rosen and 

Provder for the case of a nonlinear calibration curve. The re- 

sulting equation, however, seems not to be solvable analyticall:, 

One therefore has to be contented with an iterativc a??roaCh. 

A refinement of the linear approach has been used in the ex- 

perimental part: the points of the digitalized calibration curc 

were weighted with the corresponding height of the elation 

curve and then a linear regression in the elution range was 

applied. 

This approach can be refined further, if one includes the fact, 

that calculating the moments about the origin of the molecular 

mass distribution, whose ratios comprise the molecular means 

(eq. 2 4 ) ,  different parts of the elution curve (and therefore 

of the calibration curve too) contribute to the result to a 

different extent. This fact can be considered in an iterative 

way by calculating the moments about the origin of the (un- 
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1612 GXUNEBmG AND KLEIN 

c o r r e c t e d )  m o l e c u l a r  mass d i s t r i b u t i o n  u s i n g  r e s p e c t i v e  s p e c i f i -  

c a l l y  w e i g h t e d  l i n e a r  r e g r e s s i o n s  of t h e  c a l i b r a t i o n  c u r v e  ( e q . 2 4 ) .  

2 4 .  

One g e t s  t h e  w e i g h t i n g  f a c t c r s b y  t a k i n g  t h e  m o l e c u l a r  w e i g h t  

which i s  a t t a c h e d  t o  a p o i n t  of t h e  c a l i b r a t i o n  c u r v e  t o  t h e  

power of t h e  r e s p e c t i v e  moments a b o u t  t h e  o r i g i n  of t h e  mole- 

c u l a r  mass d i s t r i b u t i o n .  

The r e s u l t i n g  s l o p e s  of t h e  l i n e a r  r e g r e s s i o n  are u s e d  for t h e  

c o r r e c t i o n  of t h e  m o l e c u l a r  means,  too.  I f  D2,k-, i s  t h e  s l o p e  

of t h e  r e g r e s s i o n  l i n e  which  is a t t a c h e d  t o  t h e  h i g h e r  moments 

a b o u t  t h e  o r i g i n ,  and D Z l k e 2  t h e  c o r r e s p o n d i n g  s l o p e  a t t a c h e d  

t o  t h e  moments a b o u t  t h e  o r i g i n  of t h e  lower o r d e r ,  one  g e t s  

from t h e  c a l c u l a t l o n s  of Rosen a n d  Provden  t h e  f o l l o w l n g  e x t e n s i o ! ~  

of e q u a t i o n  5 : 
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- -  
- I .  

The zroblem o f  t h e s e  e+a=ions  l i e s  ir. :he fac:, ~ 5 2 ~  i . : : y !  IS 

*'-= --., _ _  ,e m c l e c c l z  x a s s  C~s=r i t :=~=: .  c-v==assec ;r ~l-:;::. 

:.cl.z.-lnz: , WT.:C?. zo -~ .z - - y  LS 2 ~ :  ):n=.n.r.. ?he  :=z> Z E Y . Z = E :  TT.Z:S:.=E 

c a n  b e  c a l c u l a t e d  i n  an i t e r a t i v e  way: I n  t h e  f i r s t  s t e p ,  t h e  

e l u t i o n  c u r v e  i s  t a k e n  as  t h e  t r u e  m o l e c u l a r  mass  d i s t r i b u t i o n  

and y ( y )  i n  t h e  e l u t i o n  r a n g e  i s  a p p r o x i m a t e d  by polynom 

se r i e s  i n  s u c h  way, t h a t  f rom t h e  i n t e g r a l s  of eq. 2 6 .  - 2 7 .  

sums of moments a b o u t  t h e  o r i g i n  of t h e  e l u t i o n  c u r v e  are ob- 

t a i n e d .  

. .  . .  

P 

The moments a b o u t  t h e  o r i g i n  a re  e a s i l y  c a l c u l a t e d  from t h e  

c e n t r a l  moments of t h e  c u r v e  ( 7 ) .  

The c a l c u l a t e d  mean c e n t r a l  moments are u s e d  for t h e  c a l c u l a t i o n  

of new moments a b o u t  t h e  o r i g i n  o f  t h e  a p p r o x i m a t e d  m o l e c u l a r  

mass d i s t r i b u t i o n  ( i n  e l u t i o n  v o l u m i n a )  and  t h e  i t e r a t i o n  c a n  

be car r ied  on.  
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Conclusions 

GRUNEBERG rwD KLEIN 

It is thus possible to get the cumulants of the peak broadening 

function with the help o f  the recycle technique and to cal- 

culate the corrected molecular mass averages also in case that 

h e  elution volume / molecular mass relationship is nonlinear 

or  that the dependence of the cumulants on the elution volume 

can not be neglected. 

The numerical correction of the whole elution curve, using cumu- 

lants of order higher 2 and taking into consideration non- 

constant broadening, poses much higher difficulties. Even fo r  

the simpler case of a gaussian constant broadening a numerical 

calculation of the true molecular mags distribution shows 

considerable practical problems ( 1 9 ) .  . 

iiterarsre 
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